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CONSTRUCTION OF MAXIMAL UNRAMIFIED
p-EXTENSIONS WITH PRESCRIBED GALOIS GROUPS
MANABU OZAKI
1. Introduction
For any number field F (not necessary of finite degree) and prime
number p, let Lp(F ) denote the maximal unramified p-extension over F ,
and put G˜F (p) = Gal(Lp(F )/F ). Though the structure of G˜F (p) has
been one of the most fascinating theme of number theory, our knowl-
edge on it is not enough even at present: It had been a cerebrated open
problem for a long time whether G˜F (p) can be infinite for a number field
F of finite degree, and Golod and Shafarevich solved it b y giving F
with infinite G˜F (p). Hence we barely know that G˜F (p) can be infinite.
However we do not know exactly what kind of pro-p-groups occur as
G˜F (p); for example, there are no examples of infinite G˜F (p) for number
fields F of finite degree whose structure is completely determined. The
known general property of the group G˜F (p) for number fields F of finite
degree is only that G˜F (p) is a finitely presented pro-p-group any whose
open subgroup has finite abelianization, which comes from rather fun-
damental facts of algebraic number theory, namely, class field theory
and the finiteness of the ideal class group. Indeed, a consequence of
the Fontaine-Mazur conjecture predicts that G˜F (p) has a certain dis-
tinguished property (see [2]), however, this conjecture seems far reach
object at present.
On the other hand, we have known that various kind of pro-p-groups,
especially, finite p-groups in fact occur as G˜F (p). For example, Scholz
and Taussky [11] have already determined the structure of G˜F (p) for
F = Q(
√−4027) and p = 3 in 1930’s : this group is a non-abelian
finite group of order 35. Also, Yahagi [13] showed that for any given
finite abelian p-group A there exists an number field F of finite degree
such that G˜F (p)
ab ≃ A.
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In the present paper, we shall show that every finite p-group occurs
as G˜F (p) for some number field F of finite degree:
Theorem 1. Let p be a prime number. Then for any given finite
p-group G, there exists a number field F of finite degree such that
G˜F (p) ≃ G.
In the case where we take account number fields of infinite degree,
we shall determine completely the set of the isomorphism classes of the
pro-p-groups G˜F (p) where F is an algebraic extension over Q:
Theorem 2. For a prime number p, let Cp be the set of all the iso-
morphism classes of the pro-p-groups G˜F (p) where F is an algebraic
extension over Q. Then Cp is exactly equal to the set of all the isomor-
phism classes of the pro-p-groups with countably many generators.
2. Strategy of construction
We first introduce some notations. For any number field F and
prime number p, let Lp(F )/F and L
ab
p (F )/F be the maximal unrami-
fied p-extension and the maximal unramified abelian p-extension of F ,
respectively. Also we write Cl(F ) for the ideal class group of F . For
any pro-p-group G we define d(G) and r(G) to be the generator rank
and relation rank of G, respectively; d(G) = dimFp H
1(G,Fp), r(G) =
dimFp H
2(G,Fp). If G˜F (p) is finite, we put
Bp(F )=
(
(2[F (µp) : F ] + 1)
(
#G˜F (p)− 1
)
+ 2
)
×(
d(G˜F (p))+r(G˜F (p))+dimFp(Cl (Lp(F )(µp))⊗ Fp)Gal(Lp(F )(µp)/F (µp))
)
+ d(G˜F (p)) + 4 dimFp(Cl (Lp(F )(µp))⊗ Fp)Gal(Lp(F )(µp)/F (µp)) + 3,
µp being the group of the p-th roots of unity, which is a constant
depending only on F and p. In what follows we shall show the following
two propositions:
Proposition I . Let p be a prime number. Then there exists a totally
imaginary number field k of finite degree such that G˜k(p) = 1 and
that r2(k) ≥ Bp(k), where r2(k) stands for the number of complex
archimedean places of k.
Proposition II . Let p be a prime number and k a totally imaginary
number field of finite degree with finite G˜k(p) such that r2(k) ≥ Bp(k)
and Lp(k)/k is p-decomposed, namely, every prime of k lying over p
3splits completely in Lp(k). Then for any exact sequence of finite p-
groups
1 −→ Z/p −→ G′ pi−→ G˜k(p) −→ 1
there exists a finite extension k′/k such that Lp(k) ∩ k′ = k, r2(k′) ≥
Bp(k
′), Lp(k
′)/k′ is p-decomposed, and G˜k′(p) fits the following com-
mutative diagram with an isomorphism θ : G′
∼→ G˜k′(p):
(1)
G′
pi−−−→ G˜k(p)
θ ≀
y ∥∥∥
G˜k′(p)
restriction−−−−−→ G˜k(p),
where the bottom horizontal map is the restriction map induced by the
inclusion Lp(k) ⊆ Lp(k′).
Then one can derive Theorems 1 and 2 from Propositions I and II as
follows: Theorem 1 follows from Propositions I and II by induction on
the order of the finite p-group G because any non-trivial finite p-group
has a normal subgroup of order p. Theorem 2 also follows similarly from
Propositions I and II: Because the Galois group of a pro-p-extension of
number fields should have countably many generators, it is enough to
show that for any given pro-p group G with countably many generators
there exists number field F with G˜F (p) ≃ G. We may assume that G is
infinite thanks to Theorem 1. Then there exists a projective system of
finite p-groups Gn (0 ≤ n ∈ Z) with G0 = 1 and surjective morphisms
φm,n : Gm → Gn (m ≥ n) with ker φn+1,n ≃ Z/p such that G is
isomorphic to the projective limit of this projective system. Hence, by
using Propositions I and II, we can construct a tower of number fields
kn of finite degree
k0 ⊆ k1 ⊆ · · · ⊆ kn ⊆ kn+1 ⊆ · · · ⊆ F :=
⋃
n∈N
kn
such that Lp(kn) ∩ F = kn and G˜kn(p)’s fit the commutative diagram
Gn+1
φn+1,n−−−−→ Gn
θn+1 ≀
y θn ≀y
G˜kn+1(p)
restriction−−−−−→ G˜kn(p)
with suitable isomorphisms θn’s. Thus F is a required field because
Lp(F ) =
⋃
n∈N Lp(kn) and G˜F (p) ≃ lim←− G˜kn(p) ≃ G.
We can easily show Proposition I thanks to Horie’s theorem [4] on
the indivisibility of the class numbers of imaginary quadratic fields and
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the Ferrero-Washington theorem [1] on the vanishing of the Iwasawa
µ-invariants of abelian number fields. However our proof of Proposition
II is rather complicated and long, in which we shall employ extensively
the Chebotarev density theorem and the theory of embedding problem
of Galois extensions.
3. Proof of Proposition I
In this section, we shall give a proof of Proposition I.
Let p be any prime number. Then it follows Horie [4] that there
exists an imaginary quadratic field F such that the prime number p
does not decompose in F and does not divide the class number hF of
F . Then the class number of the n-th layer Fn of the cyclotomic Zp-
extension F∞/F is prime to p by Iwasawa [5] as well known, since F∞
has the unique prime lying over p by p ∤ hF . Hence we have G˜Fn(p) = 1,
from which we see that
Bp(Fn) = 6 dimFp (Cl(Fn(µp))⊗ Fp) + 3.
On the other hand, dimFp(Cl (Fn(µp))⊗ Fp) is bounded as n goes to
infinity because the Iwasawa µ-invariant of the cyclotomic Zp-extension
F∞(µp)/F (µp), whose n-th layer is Fn(µp), vanishes by the Ferrero-
Washington theorem [1]. Therefore inequality r2(Fn) ≥ Bp(Fn) holds
for sufficiently large n, which proves Proposition I.
4. Preliminary results on the structure of the group of
units
Since our proof of Proposition II is rather long and complicated,
we divide it into 5 sections. In this section we shall give preliminary
results on the Galois module structure of the group of units modulo
p-th powers, which we shall need below.
In what follows, we fix a prime number p and totally imaginary
number field k of finite degree with finite G˜k(p). We first introduce
some notations. For any number field F we write OF for the integer
ring of F . We put G := G˜k(p) = Gal(Lp(k)/k), ∆ := Gal(k(µp)/k)
and K := Lp(k)(µp). Then the order of ∆ divides p− 1, and we have
the natural isomorphism
Gal(K/k) ≃ ∆×G
induced by the restriction of field automorphisms and we shall identify
these two groups via the above isomorphism. For any Zp[∆]-module
5M and a p-adic character χ ∈ ∆̂ := Hom(∆,Z×p ), we put
eχ :=
1
#∆
∑
δ∈∆
χ(δ)δ−1 ∈ Zp[∆],
and define the χ-part Mχ of M to be eχM . Then we have the direct
sum decomposition
M =
⊕
χ∈b∆
Mχ
as a Zp[∆]-module. We define the cyclotomic character ω ∈ ∆̂ by
δ(ζ) = ζω(δ) (δ ∈ ∆, ζ ∈ µp).
Lemma 1. For χ ∈ ∆̂, we have
dimFp(O×K ⊗ Fp)χ =

r2(k)#G (if χ 6= 1, ω or ∆ = 1),
r2(k)#G+ 1 (if χ = ω 6= 1),
r2(k)#G− 1 (if χ = 1 6= ω).
Proof. It follows from Herbrand’s unit theorem (see [8, Chapter V,
Proposition 2.3] for example) that
O×K ⊗Qp ≃ Qp[∆×G]⊕r2(k)−1 ⊕ IQp[∆×G]
as Gal(K/k)(= ∆ × G)-modules, where IR denotes the augmentation
ideal of R for any group ring R. Hence we have
(O×K ⊗Qp)χ ≃
{
Qp[G]
⊕r2(k)−1 ⊕ IQp[G] (if χ = 1),
Qp[G]
⊕r2(k) (if χ 6= 1),
as G-modules, which implies
rankZp(O×K ⊗ Zp)χ =
{
r2(k)#G− 1 (if χ = 1),
r2(k)#G (if χ 6= 1).
Therefore we obtain the lemma by noting
dimFp(O×K ⊗ Fp)χ =
{
rankZp(O×K ⊗ Zp)χ + 1 (if χ = ω),
rankZp(O×K ⊗ Zp)χ (otherwise).
✷
We shall recall some basic facts on the category of the finitely gener-
ated Fp[G]-modules for a finite p-group G. For any Fp[G]-module A, we
put A∗ = HomFp(A,Fp) and define left G-action on it by σf := f ◦σ−1
for f ∈ A∗ and σ ∈ G. Then we find that (A∗)∗ ≃ A and Fp[G]∗ ≃
Fp[G] as Fp[G]-modules for any finitely generated Fp[G]-module A, from
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which we see that every finitely generated free Fp[G]-module is an injec-
tive object in the category of finitely generated Fp[G]-modules. There-
fore every free Fp[G]-submodule of a finitely generated Fp[G]-module is
a direct factor of it.
For any finitely generated Fp[G]-module A, there exists a surjection
Fp[G]
⊕r −→ A
as Fp[G]-modules for r = dimFp AG by Nakayama’s lemma. Replacing
A by A∗ and taking the dual ∗ in the above, we find that there exists
an injection
A −→ Fp[G]⊕r∗
as Fp[G]-modules for r
∗ = dimFp A
G since (A∗)G ≃ (AG)∗ ≃ AG as
Fp-modules.
Lemma 2. For any χ ∈ ∆̂, there exists a direct sum decomposition
(O×K ⊗ Fp)χ = Fχ ⊕Nχ
as Fp[G]-modules such that
Fχ ≃ Fp[G]⊕rχ , NGNχ = 0,
rχ ≥ r2(k)− (#G− 1)(d(G) + r(G) + dimFp(Cl(K)⊗ Fp)G)− δG,χ,
dimFpN
G
χ ≤([k(µp) : k](#G−1)+1)(d(G)+r(G)+dimFp(Cl(K)⊗Fp)G),
where NG =
∑
g∈G g ∈ Fp[G], and δG,χ = 1 or 0 according to [G = 1
and χ = 1] or not.
Proof. Let Fχ be a maximal free Fp[G]-submodule of (O×K ⊗ Fp)χ.
Then there exists a direct sum decomposition
(2) (O×K ⊗ Fp)χ = Fχ ⊕Nχ
by the injectivity of the free Fp[G]-modules. Since Nχ has no non-
trivial free Fp[G]-submodule, the annihilator AnnFp[G](x) of each x ∈
Nχ is a non-zero left ideal of Fp[G]. Hence we have FpNG = Fp[G]
G ⊇
(AnnFp[G](x))
G 6= 0 for any x ∈ Nχ, which implies NG ∈ AnnFp[G](x)
and NGNχ = 0.
Finally, we shall estimate the free rank rχ of Fχ and dimFp N
G
χ . We
derive from the exact sequence
0 −→ O×K/µp
p−→ O×K −→ O×K ⊗ Fp −→ 0
the G-cohomology exact sequence (identifying G with Gal(K/k(µp)))
(3) (O×K/µp)G
p−→ O×k(µp) −→ (O×K ⊗ Fp)G −→ H1(G,O×K/µp).
On the other hand, from the exact sequence
0 −→ µp −→ O×K −→ O×K/µp −→ 0,
7we get the exact sequence
(4) H1(G,O×K) −→ H1(G,O×K/µp) −→ H2(G, µp) = H2(G,Fp).
Then it follows from (3) and (4) that
dimFp(O×K ⊗ Fp)G ≤ r2(k)[k(µp) : k] + dimFp(H1(G,O×K/µp)⊗ Fp)
≤ r2(k)[k(µp) : k] + dimFp(H1(G,O×K)⊗ Fp) + r(G).
(5)
If we let j : Cl(k(µp)) −→ Cl(K) be the natural map from the ideal
class group of k(µp) to that of K induced by the inclusion k(µp) ⊆ K,
then
(6) H1(G,O×K) ≃ ker j ⊆ Cl(k(µp))⊗ Zp
as well known (see [6] for example).
Let L be the maximal unramified elementary abelian p-extension of
K such that L/k(µp) is a Galois extension and Gal(K/k(µp)) acts on
Gal(L/K) trivially via the inner automorphisms of Gal(L/k(µp)), and
let L0 be the maximal unramified elementary abelian p-extension of
k(µp), then Gal(L/K) ≃ (Cl(K)⊗ Fp)G and we have
dimFp(Cl(k(µp))⊗ Fp) = dimFp Gal(L0/k(µp))
≤ dimFp Gal(K/k(µp))⊗ Fp + dimFp Gal(L/K)
= d(G) + dimFp(Cl(K)⊗ Fp)G,
since L0K ⊆ L. Hence we obtain
(7)
dimFp(O×K⊗Fp)G ≤ r2(k)[k(µp) : k]+d(G)+r(G)+dimFp(Cl(K)⊗Fp)G
from (5) and (6). Also we have
(8)
dimFp(O×K ⊗ Fp)χ = rχ#G + dimFp Nχ
= rχ#G + dimFp N
∗
χ
by (2).
Let {n1, ...., ns} ⊆ N∗χ (s = dimFp(N∗χ)G) be a set of generators of
N∗χ over Fp[G]. Then dimFp Fp[G]ni ≤ #G − 1 since AnnFp[G](ni) 6= 0.
Hence we obtain
(9)
dimFp N
∗
χ ≤
s∑
i=1
dimFp Fp[G]ni ≤ (#G− 1) dimFp(N∗χ)G
=(#G− 1) dimFp NGχ = (#G− 1)(dimFp((O×K ⊗ Fp)χ)G − rχ).
Then it follows from (8) and (9) that
(10) dimFp(O×K ⊗ Fp)χ ≤ rχ + (#G− 1) dimFp((O×K ⊗ Fp)χ)G.
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In what follows, we may assume that G 6= 1 because the lemma is
obvious in this case by Lemma 1. Suppose that
(11) rψ < r2(k)− (#G− 1)(d(G) + r(G) + dimFp(Cl(K))⊗ Fp)G)
for some ψ ∈ ∆̂. Then by summing up the both side of (10) over all
the χ ∈ ∆̂, and by using (7) and assumption (11), we have
r2(k)[k(µp) : k]#G = dimFp(O×K ⊗ Fp)
≤
∑
χ 6=ψ
rχ + rψ + (#G− 1)(dimFp(O×K ⊗ Fp)G)
<
∑
χ 6=ψ
rχ + r2(k)− (#G− 1)(d(G) + r(G) + dimFp(Cl(K)⊗ Fp)G)
+ (#G− 1)(r2(k)[k(µp) : k] + d(G) + r(G) + dimFp(Cl(K)⊗ Fp)G)
=
∑
χ 6=ψ
rχ + r2(k) + (#G− 1)r2(k)[k(µp) : k],
from which we derive
(12) r2(k)(#∆− 1) <
∑
χ 6=ψ
rχ.
On the other hand, it follows from Lemma 1 and assumption G 6= 1
that
rχ ≤ r2(k)
for any χ ∈ ∆̂. Hence it follows from (12) that
r2(k)(#∆− 1) <
∑
χ 6=ψ
rχ ≤ r2(k)(#∆− 1),
which is contradiction. Therefore (11) does not hold for any ψ ∈ ∆̂,
which implies the lower estimation on rχ.
We obtain the following estimation on dimFp N
G
χ from that on rχ and
(7):
dimFp N
G
χ ≤
∑
ψ∈b∆
dimFp N
G
ψ = dimFp(O×K ⊗ Fp)G −
∑
ψ∈b∆
rψ
≤ r2(k)[k(µp) : k] + d(G) + r(G) + dimFp(Cl(K)⊗ Fp)G
−#∆(r2(k)− (#G− 1)(d(G) + r(G) + dimFp(Cl(K)⊗ Fp)G))
= ([k(µp) : k](#G− 1) + 1)(d(G) + r(G) + dimFp(Cl(K)⊗ Fp)G).
This completes the proof of the lemma. ✷
95. Application of the Chebotarev density theorem
In this section we shall give fundamental of our construction, which
is an application of Chebotarev density theorem.
Under the same setting and notations as in the preceding section,
we shall give the following:
Lemma 3. Let
f : O×K ⊗ Fp −→ Fp[∆×G]⊕r
be any given Fp[∆×G]-homomorphism ,M/K any finite abelian exten-
sion linearly disjoint from K( p
√
O×K)/K, and σ1, . . . , σr ∈ Gal(M/K)
any automorphisms. Then there exist distinct primes L1, . . . ,Lr of K
and g1, . . . , gr ∈ Z with the following properties:
(i) The primes L1, . . . ,Lr are unramified in K/Q, of degree one, and
lying over distinct rational primes different from p.
(ii) We have (Li,M/K) = σi for 1 ≤ i ≤ r, where (∗,M/K) denotes
the Artin symbol for M/K.
(iii) (gi mod Li)⊗ 1 generates (OK/Li)× ⊗ Fp ≃ Fp for each i, and if
we define Fp[∆×G]-isomorphism
ϕ : Fp[∆×G]⊕r −→
r⊕
i=1
⊕
σ∈∆×G
(OK/σLi)× ⊗ Fp
by
ϕ
( ∑
σ∈∆×G
a(i)σ σ
)
1≤i≤r
 = (((gimod σLi)⊗ a(i)σ )σ∈∆×G)1≤i≤r ,
and
π : O×K ⊗ Fp −→
r⊕
i=1
⊕
σ∈∆×G
(OK/σLi)× ⊗ Fp
to be the natural map induced by the projections O×K −→ (OK/σLi)×,
then we have
ϕ ◦ f = π.
Proof. Let Pri : Fp[∆ × G]⊕r −→ Fp[∆ × G] be the i-th projection
for 1 ≤ i ≤ r, and we fix an Fp-isomorphism ι : Fp ≃ µp. Define
homomorphism of Fp-modules
φi : O×K ⊗ Fp −→ µp
by φi(x) = ι(a
(i)
1 ) when Pri ◦ f(x) =
∑
σ∈∆×G a
(i)
σ σ. Then it follows
from the Kummer duality
Hom(O×K ⊗ Fp, µp) ≃ Gal(K( p
√
O×K)/K)
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that there exists the unique element γi ∈ Gal(K( p
√
O×K)/K) such that
(13) φi(ε⊗ 1) = γi( p
√
ε)( p
√
ε)−1
for any ε ⊗ 1 ∈ O×K ⊗ Fp. By using the Chebotarev density theorem,
we can choose primes L1, . . . ,Lr of K with properties (i), (ii), and
(14) (Li, K(
p
√
O×K)/K) = γi (1 ≤ i ≤ r).
Now we choose rational integers gi such that
g
N(Li)−1
p
i ≡ ι(1Fp) (mod Li).
Then (gi mod Li)⊗ 1 generates (OK/Li)× ⊗ Fp, and we obtain
φi(σ
−1(ε)⊗ 1) = γi( p
√
σ−1(ε))( p
√
σ−1(ε))−1 ≡ σ−1(ε)N(Li)−1p (mod Li)
by (13) and (14). Hence if we assume that
Pri ◦ f(ε⊗ 1) =
∑
σ∈∆×G
a(i)σ σ,
and
(σ−1(ε) mod Li)⊗ 1 = (gi mod Li)⊗ b(i)σ
with a
(i)
σ , b
(i)
σ ∈ Fp for 1 ≤ i ≤ r and σ ∈ ∆×G, then
ι(a(i)σ ) = φi(σ
−1(ε)⊗ 1) ≡ σ−1(ε)N(Li)−1p
≡ gbσ
N(Li)−1
p
i ≡ ι(b(i)σ ) (mod Li),
which implies
a(i)σ = b
(i)
σ , (σ
−1(ε) mod Li)⊗ 1 = (gi mod Li)⊗ a(i)σ
for all i and σ. Therefore we see that
π(ε⊗ 1) = (((ε mod σLi)⊗ 1)σ)i
= (((gi mod σLi)⊗ a(i)σ )σ)i = ϕ ◦ f(ε⊗ 1)
for any ε ⊗ 1 ∈ O×K ⊗ Fp. This shows that the primes L1, . . . ,Lr and
the rational integers g1, . . . , gr also have property (iii). ✷
6. crucial proposition.
Our aim in this section is to give the following, which plays a crucial
role in our construction:
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Proposition 1. Let p be a prime number, and let k be a totally imag-
inary number field of finite degree with finite G˜k(p). Assume that
r2(k) ≥ Bp(k).
Then there exists a cyclic extension k′/k of degree p such that
(i) k′ ∩ Lp(k) = k, Labp (Kk′) = Labp (K)k′ if we put K := Lp(k)(µp),
hence NKk′/K : Cl(Kk
′)⊗ Zp ≃ Cl(K)⊗ Zp,
(ii) Lp(k
′) = Lp(k)k
′, hence G˜k′(p) ≃ G˜k(p) and Kk′ = Lp(k′)(µp),
(iii) Bp(k
′) = Bp(k).
We need some preliminary lemmas.
Lemma 4. Let m be an integral ideal of k. Denote by Ik,m and Pk,m the
group of the fractional ideals of k which is prime to m and the subgroup
of Ik,m which consists of all the principal ideals in Ik,m, respectively.
Also we define Sk,m to be the subgroup of Pk,m which consists of all the
principal ideals generated by elements congruent to 1 modulo m. Let
a1, . . . ad(G) be ideals of Ok which is prime to m and whose ideal classes
form a basis of the p-torsions Cl(k)[p] := ker(Cl(k)
p−→ Cl(k)) of the
ideal class group of k. For αi ∈ Ok with api = αiOk, assume that there
exist βi ∈ Ok and εi ∈ O×k such that
αi ≡ βpi εi (mod m)
for 1 ≤ i ≤ d(G). Then we have
dimFp((Ik,m/Sk,m)⊗Fp) = dimFp(Cl(k)⊗Fp)+dimFp((Pk,m/Sk,m)⊗Fp).
Proof. Since Cl(k) ≃ Im/Pm, we have the exact sequence
0 −→ (Pm/Sm)[p] −→ (Im/Sm)[p] pi−→ Cl(k)[p],
where we denote by A[p] the p-torsions of a module A. To prove the
lemma, it is enough to show the surjectivity of π. Because (β−1i ai)
p =
β−pi αiOk and β−pi αi ≡ εi (mod m) for each i, we see that
(β−1i ai mod Sm) ∈ (Im/Sm)[p], π(β−1i ai mod Sm) = (ai mod Pm),
which implies the surjectivity of π because of the choice of the ideals
ai. ✷
Lemma 5. Put K := Lp(k)(µp) and G := Gal(Lp(k)/k). Define L/K
to be the maximal elementary abelian p-subextension of Labp (K)/K
such that L/k(µp) is a Galois extension and G = Gal(K/k(µp)) ≃
Gal(K/k(µp)) acts on Gal(L/K) trivially via the inner automorphisms
of Gal(L/k(µp)). Also let L
′/K be the maximal elementary abelian
p-subextension of Labp (K)/K. We assume that L1, . . . ,Lr are primes
of K and k′/k a cyclic extension of degree p which is linearly disjoint
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from Lp(k)/k such that
(i) Gal(L/K) = 〈(σLi, L/K)| 1 ≤ i ≤ r, σ ∈ Gal(K/k)〉,
(ii) L′k′ is the maximal elementary abelian p-extension over K which
is unramified outside {σLi|1 ≤ i ≤ r, σ ∈ Gal(K/k)},
(iii) if we denote by li the prime of k below Li, then all of the primes
l1, . . . , lr ramify in k
′/k.
Then Labp (Kk
′) = Labp (K)k
′ and the norm map NKk′/K induces the
isomorphism
Cl(Kk′)⊗ Zp ∼−→ Cl(K)⊗ Zp.
Proof. It follows from assumption (i) and the isomorphism
Gal(L/K) ≃ Gal(Labp (K)/K)G ⊗ Fp
that
Gal(Labp (K)/K) =
〈
(σLi, L
ab(K)/K)|1 ≤ i ≤ r, σ ∈ Gal(K/k)〉
by Nakayama’s lemma. Hence if we denote by Li the prime of Kk
′
lying over Li, which is totally ramified in Kk
′/K by assumption (iii),
then we have
(15) Li = L
p
i
and
(16)
Gal(Lab(K)k′/Kk′)=
〈
(σLi, L
ab(K)k′/Kk′)|1≤ i≤r, σ∈Gal(Kk′/k)〉.
LetM be the genus p-class field of the cyclic p-extensionKk′/K, that
is, the maximal intermediate field of Labp (Kk
′)/Kk′ which is abelian
over K. We denote by N/K the maximal abelian p-extension unram-
ified outside {σLi|1 ≤ i ≤ r, σ ∈ Gal(K/k)}. Then we have the
inclusions
K ⊆ Kk′ ⊆ Labp (K)k′ ⊆M ⊆ N.
It follows from assumption (ii) that
dimFp Gal(N/K)[p] = dimFp Gal(N/K)⊗ Fp = dimFp Gal(L′k′/K)
= dimFp Gal(L
′/K) + 1 = dimFp Gal(L
ab
p (K)/K)[p] + 1,
which implies the cyclicity of Gal(N/Labp (K)) by the exact sequence
0 −→ Gal(N/Labp (K))[p] −→ Gal(N/K)[p] −→ Gal(Labp (K)/K)[p].
Hence the primes of Labp (K) lying over Li totally ramify inN/L
ab
p (K) by
assumption (iii) and the inclusions Labp (K) ⊆ Labp (K)k′ ⊆ N . Therefore
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N/Labp (K)k
′ has no non-trivial unramified subextensions, hence M =
Labp (K)k
′. Thus we find that
(17)
Gal(Labp (Kk
′)/Kk′)Gal(Kk′/K) ≃ Gal(M/Kk′) = Gal(Labp (K)k′/Kk′).
It follows from (16), the above isomorphism, and Nakayama’s lemma
that
(18)
Gal(Lp(Kk
′)/Kk′)=〈(σLi, Lab(Kk′)/Kk′)|1≤ i≤r, σ ∈ Gal(Kk′/k)〉.
Since σLi (σ ∈ Gal(Kk′/k)) is a Gal(Kk′/K)-invariant prime of Kk′
by (15), we see that (σLi, L
ab
p (Kk
′)/Kk′) is also Gal(Kk′/K)-invariant
and derive from (17) and (18) that
Gal(Labp (K)k
′/Kk′) ≃ Gal(Labp (Kk′)/Kk′)Gal(Kk′/K)
= Gal(Labp (Kk
′)/Kk′),
which implies Labp (Kk
′) = Labp (K)k
′. Remaining assertion on the ideal
class groups of Kk′ and K follows from this identity and the functori-
ality of the Artin maps. ✷
Now we shall give a proof of Proposition 1.
Proof of Proposition 1. We first show that properties (ii) and
(iii) of k′/k follows from (i). Assume that a cyclic extension k′/k of
degree p satisfies (i). If we put K := Lp(k)(µp), G := Gal(Lp(k)/k) ≃
Gal(K/k(µp)) and
∆ := Gal(k(µp)/k) ≃ Gal(K/Lp(k)) ≃ Gal(Kk′/Lp(k)k′)
as above, we have
Gal(Labp (Lp(k)k
′)/Lp(k)k
′) ≃ Gal(Labp (Kk′)/Kk′)∆
= Gal(Labp (K)k
′/Kk′)∆ ≃ Gal(Labp (K)/K)∆
≃ Gal(Labp (Lp(k))/Lp(k)) = 1,
hence Labp (Lp(k)k
′) = Lp(k)k
′, which in turn implies property (ii),
namely, Lp(k)k
′ = Lp(k
′) and G˜k(p) ≃ G˜k′(p) because Lp(k)k′/k′
is unramified. Then (i) also implies (iii) since G˜k(p) ≃ G˜k′(p) and
Cl(Lp(k
′)(µp))⊗Zp = Cl(Kk′)⊗Zp ≃ Cl(K)⊗Zp as G-modules. Thus
it is enough to show that there exists k′/k with property (i).
We write L/K for the maximal elementary abelian p-subextension
of Labp (K)/K such that L/k(µp) is a Galois extension and G acts on
Gal(L/K) trivially via the inner automorphisms of Gal(L/k(µp)) as in
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Lemma 5. Then there existH ⊆ (O×K⊗Fp)G and an abelian p-extension
M/K such that
L = K(
p
√
H)M
and M is linearly disjoint from K( p
√
O×K)/K. Here we note that
(19)
dimFp Gal(M/K), dimFp H ≤ dimFp Gal(L/K) = dimFp(Cl(K)⊗Fp)G.
Let a1, . . . ad(G) be ideals of Ok whose ideal classes form a basis of
Cl(k)[p], and let αi ∈ Ok be integer such that api = αiOk as in Lemma
4. It follows from the principal ideal theorem that aiOLp(k) = γiOLp(k)
for some γi ∈ OLp(k). Hence there exists ηi ∈ O×Lp(k) such that
(20) αi = ηiγ
p
i
for each 1 ≤ i ≤ d(G). We define H0 ⊆ O×Lp(k) ⊗ Fp = (O×K ⊗ Fp)1 to
be the Fp[G]-submodule generated by ηi⊗1’s (1 ≤ i ≤ d(G)). We note
that
(21) H0 ⊆ ((O×K ⊗ Fp)1)G
by (20). For each χ ∈ ∆̂, let Fχ and Nχ be direct sum factors of
(O×K⊗Fp)χ as given in Lemma 2. We choose direct sum decomposition
Fχ = F
0
χ ⊕ F 1χ of Fχ to free Fp[G]-submodules such that
(22) Hχ ⊆ F 0χ ⊕Nχ
for each χ ∈ ∆̂, where Hχ is the χ-part of H . It follows from facts
H ⊆ (O×K ⊗ Fp)G and (19) that we can choose F 0χ with
(23) rankFp[G]F
0
χ ≤ dimFp(Cl(K)⊗ Fp)G.
Under the above choice of F 0χ we obtain the following estimation of
rankFp[G]F
1
χ for any χ ∈ ∆̂ by using Lemma 2:
(24)
rankFp[G]F
1
χ ≥ r2(k)− (#G− 1)(d(G) + r(G) + dimFp(Cl(K)⊗ Fp)G)
− dimFp(Cl(K)⊗ Fp)G − 1.
Put
m0 : = ([k(µp) : k](#G− 1) + 1)(d(G) + r(G) + dimFp(Cl(K)⊗ Fp)G)
+ dimFp(Cl(K)⊗ Fp)G + 1,
n0 : = dimFp(Cl(K)⊗ Fp)G.
Then it follows from Lemma 2, (19) and (23) that
(25) m0 ≥ rankFp[G]F 0χ + dimFp NGχ + 1,
(26) n0 ≥ dimFp Gal(M/K).
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Also we have
(27) rankFp[G]F
1
χ ≥ 2m0 + n0 + d(G)
by the assumption r2(k) ≥ Bp(k) and (24).
For each χ ∈ ∆̂, we choose an Fp[G]-homomorphism
fχ : (O×K ⊗ Fp)χ = F 0χ ⊕ F 1χ ⊕Nχ −→
m0+n0⊕
i=1
Fp[G]a
χ
i ,
where aχi ’s are free Fp[G]-basis, as follows:
In the case where χ 6= 1, we choose fχ so that
(28) fχ|F 0χ⊕Nχ : F 0χ ⊕Nχ →֒
m0⊕
i=1
Fp[G]a
χ
i ⊆
m0+n0⊕
i=1
Fp[G]a
χ
i
and
(29) fχ(F 1χ) =
m0+n0⊕
i=1
Fp[G]a
χ
i .
Such a homomorphism fχ certainly exists by (25) and (27).
In the case where χ = 1, we chose f1 so that
(30)
f1|F 0
1
⊕N1 : F
0
1
⊕N1 →֒ C :=
{
m0∑
i=1
cia
1
i
∣∣∣∣∣
m0∑
i=1
ci = 0
}
⊆
m0+n0⊕
i=1
Fp[G]a
1
i
and, for some direct sum decomposition
F 1
1
= F 10
1
⊕ F 11
1
of F 1
1
to free Fp[G]-modules F
10
1
and F 11
1
with rankFp[G]F
10
1
= m0 − 1,
whose existence is assured by (27),
(31) f1|F 10
1
: F 10
1
≃ C ⊆
m0⊕
i=1
Fp[G]a
1
i
and
(32) f1(F 11
1
) = D :=
{
m0+n0∑
i=1
cia
1
i
∣∣∣∣∣
m0+n0∑
i=1
ε(ci) = 0
}
⊆
m0+n0⊕
i=1
Fp[G]a
1
i ,
where ε : Fp[G] −→ Fp denotes the augmentation map. Such a
homomorphism f1 also certainly exists by (25) and (27); The fact
C ≃ Fp[G]⊕m0−1 and (25) assure the existence of f1 with properties
(30) and (31). Also (27) and the fact
DG ≃ F⊕m0+n0+d(G)−1p ,
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which follows from the exact homology sequence
0 = H1(G,Fp[G]
⊕m0+n0) −→ H1(G,Fp) −→ DG
−→ F⊕m0+n0p −→ Fp −→ 0
and H1(G,Fp) ≃ F⊕d(G)p , assure the existence of f1 with property (32).
It follows from Lemma 3 and (26) that there exist degree one prime
ideals Li ofK (1 ≤ i ≤ m0+n0), which lie over distinct rational primes,
and gi ∈ Z such that
(a) (Li,M/K) = 1 for 1 ≤ i ≤ m0 and 〈(Li,M/K)|m0 + 1 ≤ i ≤
m0 + n0〉 = Gal(M/K),
(b) (gi mod Li) ⊗ 1 generates (OK/Li)× ⊗ Fp, and if we define the
Fp[∆×G] -isomorphism
ϕ :
m0+n0⊕
i=1
Fp[∆×G]a˜i −→
m0+n0⊕
i=1
⊕
σ∈∆×G
(OK/σLi)× ⊗ Fp,
where a˜i =
∑
χ∈b∆ a
χ
i and ∆ acts on a
χ
i via χ, by ϕ(a˜i) = (gi mod Li)⊗
1, and denote by
π : O×K ⊗ Fp −→
m0+n0⊕
i=1
⊕
σ∈∆×G
(OK/σLi)× ⊗ Fp
the natural projection map, then we have
π = ϕ ◦ (⊕χ∈b∆fχ),
where
⊕χ∈b∆fχ : O×K ⊗ Fp −→
⊕
χ∈b∆
m0+n0⊕
i=1
Fp[G]a
χ
i =
m0+n0⊕
i=1
Fp[∆×G]a˜i
is the direct sum of fχ’s.
It follows from property (b) of Li’s, (22), (28), and (30) that
π|H : H →֒
m0⊕
i=1
⊕
σ∈∆×G
(OK/σLi)× ⊗ Fp ⊆
m0+n0⊕
i=1
⊕
σ∈∆×G
(OK/σLi)× ⊗ Fp,
which implies that
Gal(K(
p
√
H)/K) = 〈(σLi, K( p
√
H)/K)|σ ∈ ∆×G, 1 ≤ i ≤ m0〉,
and (σLi, K(
p
√
H)/K) = 1 for σ ∈ ∆ ×G and m0 + 1 ≤ i ≤ m0 + n0.
Combining this and property (a) of Li’s, we conclude that
(33) Gal(L/K) = 〈(σLi, L/K)|σ ∈ ∆×G, 1 ≤ i ≤ m0 + n0〉.
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We also derive from property (b), (29), (30), (31) and (32) that
coker π = (coker π)∆ ≃ Fp,
hence if we denote by li the prime of k below Li and by PF,m/SF,m
the ray class group of modulo m :=
∏m0+n0
i=1 li of a number field F
containing k we have
(34) (PK,m/SK,m)⊗ Fp ≃ Fp.
We observe the maps
O×k ⊗ Fp ι−→ ((O×K ⊗ Fp)1)G pi
1,G−→
(
m0+n0⊕
i=1
⊕
σ∈∆×G
(OK/σLi)× ⊗ Fp
)∆×G
≃
m0+n0⊕
i=1
(Ok/li)× ⊗ Fp
≃ (Ok/m)× ⊗ Fp,
where ι is the natural map induced by the inclusion O×k ⊆ O×K and
π1,G is the restriction of π to ((O×K ⊗ Fp)1)G.
It follows from (30), (31), (32) and the fact C ⊆ D that
(35)
im π1,G = ϕ ◦ f1(((O×K ⊗ Fp)1)G) = ϕ ◦ f1((F 101 )G) + ϕ ◦ f1((F 111 )G)
= ϕ ◦ f1(NGF 101 ) + ϕ ◦ f1(NGF 111 ) = ϕ(NGC) + ϕ(NGD) = ϕ(NGD)
=
{
((g1 mod l1)⊗x1,· · ·, (gm0+n0 mod lm0+n0)⊗xm0+n0)
∣∣∣∣∣
m0+n0∑
i=1
xi = 0
}
and coker π1,G ≃ Fp. Furthermore, because F 111 ⊆ (O×K ⊗ Fp)1 =
O×Lp(k) ⊗ Fp and im π1,G = ϕ(NGD) = π1,G(NGF 111 ) by (35), we see
that NGF
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1
⊆ im ι and im (π1,G ◦ ι) = im π1,G. Hence we have
(36) (Pk,m/Sk,m)⊗ Fp ≃ coker (π1,G ◦ ι) = coker π1,G ≃ Fp.
On the other hand, since π(H0) ⊆ im π1,G = im (π1,G ◦ ι) by (21),
we find from (20) that there exists εi ∈ O×k such that
(αi mod m)⊗ 1 = (ηi mod m)⊗ 1 = (εi mod m)⊗ 1
for 1 ≤ i ≤ d(G) in (((OK/m)× ⊗ Fp)1)G = (Ok/m)× ⊗ Fp. Then it
follows from (36) and Lemma 4 that
dimFp(Ik,m/Sk,m)⊗ Fp = dimFp(Cl(k)⊗ Fp) + 1.
Therefore there exists a cyclic extension k′/k of degree p and conduc-
tor dividing m which is linearly disjoint from Labp (k)/k. We derive
from (34) that L′k′/K is the maximal elementary abelian p-extension
18 MANABU OZAKI
which is unramified outside {σLi|1 ≤ i ≤ m0 + n0, σ ∈ Gal(K/k)}.
We see that every prime li ramifies in k
′/k since the natural map
(Ok/li)× ⊗ Fp −→ coker (π1,G ◦ ι) is injective by (35), whose image
is isomorphic to the inertia subgroup for the prime li of the Galois
group of the maximal elementary abelian p-extension over k unrami-
fied outside {l1, . . . , lm0+n0}. Hence, combining (33), we find that the
extension k′/k satisfies conditions (i)–(iii) of Lemma 5. Thus we con-
clude by using Lemma 5 that k′/k has property (i) of Proposition 1,
which completes the proof. ✷
7. Embedding problem of Galois extensions
In this section, we recall some facts from embedding problem of
Galois extension to prove Proposition II (consult, for example, [10]
and [9] for this section).
Let p be any prime number and F/E a finite p-extension of number
fields of finite degree such that G := Gal(F/E) fits the following exact
sequence with a finite p-group G′:
(37) 1 −→ Z/p ι−→ G′ pi−→ G −→ 1.
The Galois extension M/E containing F is called a solution of embed-
ding problem (37) if and only if there exists an isomorphism θ : G′ ≃
Gal(M/E) such that the diagram
G′
pi−−−→ G
θ ≀
y ∥∥∥
Gal(M/E)
restriction−−−−−→ G
is commutative.
We recall that every cyclic extension M/F of degree p is given by
the unique degree p subextension of the cyclic extension F (µp, p
√
α)/F
for some non-trivial α ⊗ 1 ∈ (F (µp)× ⊗ Fp)ω, ω being the cyclotomic
character Gal(F (µp)/F ) −→ F×p as above. In what follows, we denote
by F{ p√α}/F the unique subextension of F (µp, p
√
α)/F of degree p for
any non-trivial α ⊗ 1 ∈ (F (µp)× ⊗ Fp)ω. Now we recall the following
theorem, which plays a crucial roll to establish the final step of our
construction:
Theorem A . Let p be a prime number and F/E an unramified
p-extension of number fields of finite degree with Galois group G.
Then embedding problem (37) always has a solution. Furthermore,
if F{ p√α0}/E is a solution for α0 ⊗ 1 ∈ (F (µp)× ⊗ Fp)ω, then all the
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solutions are given by F{ p√aα0}/E for a ⊗ 1 ∈ (E(µp)× ⊗ Fp)ω with
aα0 ⊗ 1 6= 0 in (F (µp)× ⊗ Fp)ω.
Proof. The existence of a solution follows from [10, Satz 2.2, 4.7, and
5.1], and the description of all the solutions is given by [9, Cor.8.1.5].
✷
8. Final step of the construction
We shall finish the proof of Proposition II in this section. Our first
aim is to show the following:
Lemma 6. Let p be a prime number and k a totally imaginary number
field of finite degree. Assume that G := G˜k(p) is finite and r2(k) ≥
Bp(k). Then for any given exact sequence of p-groups
(38) 1 −→ Z/p −→ G′ pi−→ G −→ 1,
there exists a finite extension k′/k such that
(i) Lp(k
′) = Lp(k)k
′ and k′ ∩ Lp(k) = k, hence the restriction induces
G˜k′(p) ≃ G˜k(p),
(ii) Bp(k
′) = Bp(k),
(iii) there exists an ε0 ⊗ 1 ∈ (O×Lp(k′)(µp) ⊗ Fp)ω such that
G′
pi−−−−−→ G
θ ≀
y x≀ restriction
Gal(Lp(k
′){ p√ε0}/k′) restriction−−−−−→ G˜k′(p)
is commutative with some isomorphism θ : G′ ≃ Gal(Lp(k′){ p√ε0}/k′).
Proof. First we assume that group extension (38) splits. One can
show that
dimFp(O×k(µp) ⊗ Fp)ω = r2(k), or r2(k) + 1
by the same manner as in the proof of Lemma 1. Then it follows from
the assumption r2(k) ≥ Bp(k) that
dimFp(O×k(µp) ⊗ Fp)ω > d(G).
Hence there exists ε0⊗1 ∈ (O×k(µp)⊗Fp)ω such that k{ p
√
ε0}/k is a cyclic
extension of degree p which is linearly disjoint from Lp(k)/k. Then we
have Gal(Lp(k){ p√ε0}/k) ≃ G′. Thus k′ = k is a required extension.
Now we assume that group extension (38) does not split. It follows
from Theorem A that there exists a solution M/k of embedding prob-
lem (38). Then there is an element α ⊗ 1 ∈ (K× ⊗ Fp)ω, K denoting
Lp(k)(µp) as above, such that M = Lp(k){ p
√
α}. Since M/k is a Galois
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extension, we see α ⊗ 1 ∈ ((K× ⊗ Fp)ω)G. Hence it follows from the
exact cohomology sequence
0 −→ IGK
p−→ IGK −→ (IK ⊗ Fp)G −→ H1(G, IK) = 0,
IK being the group of the fractional ideals of K, that
(39) αOK = Apa
for some ideals A of K and a of k(µp). We denote by h the non-p-
part of the class number of K, which is divisible by that of k(µp).
Then by replacing α to αh, we may assume that the orders of the ideal
class clK(A) ∈ Cl(K) and clk(µp)(a) ∈ Cl(k(µp)) containing A and a,
respectively, are powers of p.
By using Proposition 1 repeatedly, we obtain a tower of extensions
kn/k (n ≥ 0) of degree pn with kl ⊆ km (l ≤ m) such that Lp(kn) =
Lp(k)kn, kn ∩ Lp(k) = k, G˜kn(p) ≃ G, and
(40) Nm,n := NKkm/Kkn : Cl(Kkm)⊗ Zp ≃ Cl(Kkn)⊗ Zp
for m ≥ n ≥ 0. Denote by jn,m : Cl(kn(µp))⊗ Zp −→ Cl(km(µp))⊗ Zp
and J0,n : Cl(K) ⊗ Zp −→ Cl(Kkn) ⊗ Zp the natural homomorphisms
induces by the inclusions kn(µp) ⊆ km(µp) and K ⊆ Kkn, respectively.
It follows from (40) and Nn,0 ◦ J0,n = pn that
(41) ker J0,n = Cl(K)[p
n].
Also, since we obtain the estimation
#(Cl(kn(µp))⊗ Zp) ≤ [Kkn : kn(µp)]#(Cl(Kkn)⊗ Zp)G
= [K : k(µp)]#(Cl(K)⊗ Zp)G
for all n ≥ 0 by using (40), we find from the surjectivity of the maps
Nm,n : Cl(km(µp))⊗ Zp −→ Cl(kn(µp))⊗ Zp
for m ≥ n ≥ 0 that there is a number n0 ≥ 0 such that
Nn,n0 : Cl(kn(µp))⊗ Zp −→ Cl(kn0(µp))⊗ Zp
is an isomorphism for any n ≥ n0. Hence we see that
(42) Cl(k(µp))[p
n−n0] ⊆ ker j0,n
for n ≥ n0 by Nn,n0 ◦ jn0,n = pn−n0. Therefore, by (41) and (42),
we conclude that A and a are principal ideals in Kkn and kn(µp),
respectively, if n is sufficiently large:
(43)
AOKkn = AOKkn, aOkn(µp) = aOkn(µp), A ∈ (Kkn)×, a ∈ kn(µp)×.
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It follows from (39) and (43) that there exists ε0⊗ 1 ∈ (O×Kkn ⊗Fp)ω
such that
Mkn = Lp(kn){ p
√
α} = Lp(kn){ p
√
ε0aω},
where aω ∈ kn(µp)× is so that aω ⊗ 1 is the projection of a ⊗ 1 ∈
kn(µp)
×⊗Fp to (kn(µp)×⊗Fp)ω. Here, Lp(kn){ p
√
ε0aω}/kn is a solution
of embedding problem
1 −→ Z/p −→ G′ r−1◦pi−→ Gal(Lp(kn)/kn) −→ 1,
where r : Gal(Lp(kn)/kn) ≃ G is the isomorphism induced by the
restriction. Since the above group extension is not split from our as-
sumption, we see that ε0 ⊗ 1 6= 0, which combined with Theorem A
implies Lp(kn){ p√ε0}/kn is also a solution of this embedding problem.
Therefore k′ := kn is a required extension of k. ✷
We will employ the following lemma in our final step of the construc-
tion to assure a constructed unramified p-extension to be maximal:
Lemma 7. Let p be any prime number, F a number field of finite
degree with Lp(F ) = F and S a finite set of primes of F . We denote by
FS/F the maximal elementary abelian p-extension unramified outside
S. For any prime v of F , we write Dv for the decomposition subgroup
of Gal(FS/F ) at v. We assume that the map
φ :
⊕
v : prime of F
H2(Dv,Z) −→ H2(Gal(FS/F ),Z)
induced by the natural inclusions Dv ⊆ Gal(FS/F ) is surjective. Then
we have Lp(FS) = FS.
Proof. We first note that FS/F is a finite extension. Let M be
the genus p-class field of FS/F , namely, the maximal unramified p-
extension M of FS such that there exists an abelian extension F
′/F
withM = FSF
′. Also, we denote by L the central p-class field of FS/F ,
namely, L/F is the maximal normal sub-extension of Lp(FS)/F con-
taining FS such that Gal(L/FS) is contained in the center of Gal(L/F ).
In other words, L is the fixed field of Lp(FS) by the commutator sub-
group (Gal(Lp(FS)/FS),Gal(Lp(FS)/F )) of Gal(Lp(FS)/FS). Then M
is contained in L and we have a surjection
coker φ −→ Gal(L/M)
(see [3, Theorem 3.11] and section 11.4 in [12]). Hence we have M = L
by the assumption coker φ = 0. Suppose that FSF
′/FS is a non-trivial
unramified p-extension for an abelian extension F ′/F . Then it follows
from the definition of FS that F
′/F is unramified outside S, and that
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F ′ must contain a cyclic extension F0/F of degree p
2 over F , which is
totally ramified at some ramified prime by Lp(F ) = F . Hence FSF
′/FS
is not unramified, which is a contradiction. Thus we conclude that
L =M = FS.
Since Gal(Lp(FS)/F ) is a pro-p-group, it follows from the isomor-
phism
1 = Gal(L/FS) ≃ Gal(Lp(FS)/FS)/(Gal(Lp(FS)/FS),Gal(Lp(FS)/F ))
that Lp(FS) = FS. Therefore we obtain the lemma. ✷
Now, by virtue of Lemma 6, we may assume that k is an totally imag-
inary number field of finite degree such that G := G˜k(p) is finite, every
prime of k lying over p splits completely in Lp(k), r2(k) ≥ Bp(k), and
there exists ε0 ∈ (O×K⊗Fp)ω (K := Lp(k)(µp)) such that Lp(k){ p
√
ε0}/k
is a solution of the embedding problem
(44) 1 −→ Z/p −→ G′ pi−→ G −→ 1
in the statement of Proposition II. Furthermore, we may assume also
that
(45)
r2(k) ≥ ((2(p− 1) + 1) (#G′ − 1) + 2)×(
d(G′)+r(G′)+p2(dimFp((Cl (Lp(k)(µp))⊗ Fp) + 2(p− 1)#G))
)
+ d(G′) + 4p2(dimFp((Cl (Lp(k)(µp))⊗ Fp) + 2(p− 1)#G) + 3
by replacing k with some suitable finite extension of k by using Propo-
sition 1 repeatedly. In what follows, we shall observe the global unit
ε0 locally at p.
We introduce some notations which will be used in what follows;
For any number field F of finite degree and prime p of F lying above
p, we denote by Up(F ) the pro-p-part of the local unit group of the
completed field Fp of F at p, and define the pro-p-part of the semi-local
unit group at p by U(F ) =
⊕
p|p Up(F ). We embed the unit group of
the localization OF,p of the maximal order OF of F at p diagonally
into U(F ) as usual. In the case where µp ⊆ F , we define U ′p(F ) to
be the submodule of Up(F ) consisting of all the elements u ∈ Up(F )
such that Fp( p
√
u)/Fp is an unramified extension (including the case
Fp( p
√
u) = Fp) for a prime p lying over p, and put U
′(F ) =
⊕
p|p U
′
p(F ).
Then we have the inclusions U(F )p ⊆ U ′(F ) ⊆ U(F ) and put R(F ) =
U(F )/U(F )p and R′(F ) = U(F )/U ′(F ). Here we note that
(46) U ′p(F )/Up(F )
p ≃ Fp
as Fp-modules.
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Since every primes of k lying over p splits completely in Lp(k)/k by
the assumption, we see that
(47) R(K) ≃ R(k(µp))⊗
Fp
Fp[G], R
′(K) ≃ R′(k(µp))⊗
Fp
Fp[G].
For a prime of p of k lying over p, the p-adic logarithm map logp and
the normal basis theorem induces Gal(k(µp)p/kp)-isomorphisms
Up(k(µp))⊗
Zp
Qp
logp⊗Qp≃ Ok(µp)p⊗
Zp
Qp≃k(µp)p≃Qp[Gal(k(µp)p/kp)]⊕[kp :Qp],
where p is a fixed prime of k(µp) lying over p and Ok(µp)p stands for
the valuation ring of k(µp)p. Hence we deduce
R(k(µp))
ω ≃ F⊕[k:Q]+sp , R′(k(µp))ω ≃ F⊕[k:Q]p
as Fp-modules, where s denotes the number of the primes of k lying
over p, from the facts
R(k(µp)) ≃
⊕
p|p
(
Up(k(µp)) ⊗
Zp[Gal(k(µp)p/kp)]
Zp[Gal(k(µp)/k)]
)
⊗ Fp,
and U ′
p
(k(µp))/Up(k(µp))
p ⊆ (Up(k(µp))⊗Fp)ω|Gal(k(µp)p/kp), and (46) by
the similar manner as in the proof of Lemma 1. Hence we have
(48) R(K)ω ≃ Fp[G]⊕[k:Q]+s, R′(K)ω ≃ Fp[G]⊕[k:Q]
as G-modules by using (47).
Since Lp(k){ p
√
ε}/Lp(k) is an abelian p-extension unramified outside
p for any ε⊗1 ∈ (O×K⊗Fp)ω and Lp(k) has no non-trivial unramified p-
extension, the natural maps (O×K ⊗Fp)ω → R′(K)ω and (O×K ⊗Fp)ω →
R(K)ω is injective. We put E := im((O×K ⊗ Fp)ω → R(K)ω).
Lemma 8. Let Z be the kernel of the natural projection map π :
R(K)ω −→ R′(K)ω. Then there exist free Fp[G]-submodules P and Q
of R(K)ω such that
R(K)ω = P ⊕Q⊕ Z, R′(K)ω (pi|P⊕Q)
−1
≃ P ⊕Q,
and that E ⊆ P and rankFp[G]Q ≥ r2(k) − 1 − ([k(µp) : k](#G − 1) +
1)(d(G) + r(G) + dimFp(Cl(K)⊗ Fp)G).
Proof. Let r = dimFp E
G. Then we see that there exists an injection
of Fp[G]-modules h : E −→ Fp[G]⊕r. Let i : E → R(K)ω be the
natural inclusion map. Since R(K)ω ≃ Fp[G]⊕[k:Q]+s by (48), R(K)ω is
an injective object in the category of finitely generated Fp[G]-modules.
Hence there exists a homomorphism g : Fp[G]
⊕r −→ R(K)ω such that
g ◦ h = i.
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We find that g is injective as follows. Let y ∈ (ker g)G be any element.
Since EG ≃ F⊕rp ≃ (Fp[G]⊕r)G, the injection h induces the isomorphism
EG ≃ (Fp[G]⊕r)G. Hence y = h(x) for some x ∈ EG and we have
0 = g(y) = i(x), which implies x = 0 and y = 0. Thus we show that
(ker g)G = 0, which in turn is equivalent to ker g = 0.
Put P = im(g). Then P ≃ Fp[G]⊕r and E ⊆ P . Let x ∈ (P ∩ Z)G
be any element. Because, as we have seen, PG = EG and E ∩ Z = 0
holds, we have x = 0. Hence we deduce P ∩ Z = 0, then P + Z is a
direct sum in R(K)ω.
Because any direct factor of a free Fp[G]-module is also free, we
deduce from (48) that
(49) Z ≃ Fp[G]⊕s.
Hence P ⊕ Z is also a free Fp[G]-module. Then injectivity of P ⊕ Z
shows that there exists a free Fp[G]-submodule Q of R(K)
ω such that
R(K)ω = P ⊕Q⊕ Z.
Now we shall estimate the Fp[G]-rank of Q. It follows from Lemmas
1 and 2 that
E ≃ Fω ⊕Nω
for a certain free Fp[G]-module Fω of rank rω ≤ r2(k) + 1 and Fp[G]-
module Nω with dimFp N
G
ω ≤ ([k(µp) : k](#G− 1) + 1)(d(G) + r(G) +
dimFp(Cl(K)⊗ Fp)G). Hence we have
(50)
rankFp[G]P = dimFp E
G ≤ r2(k) + 1
+ ([k(µp) : k](#G− 1) + 1)(d(G) + r(G) + dimFp(Cl(K)⊗ Fp)G).
Therefore we derive from (48), (49) and (50) that
rankFp[G]Q = 2r2(k)− rankFp[G]P ≥ r2(k)− 1
− ([k(µp) : k](#G− 1) + 1)(d(G) + r(G) + dimFp(Cl(K)⊗ Fp)G).
✷
Lemma 9. Let F/K be any finite abelian p-extension linearly disjoint
from the maximal abelian extension of K which is unramified outside
p. Then for any u ∈ R(K) and τ ∈ Gal(F/K), there exist infinitely
many degree one principal prime ideals ΛOK of OK such that ΛOK is
prime to p, (Λmod U(K)p) = u in R(K) and (ΛOK , F/K) = τ .
Proof. Let M be the maximal abelian p-extension of K which is
unramified outside p. We obtain the exact sequence
(51) O×K ⊗ Fp −→ R(K)
ρ−→ Gal(M/Labp (K))⊗ Fp −→ 0
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by class field theory, where ρ is the map induced by the reciprocity map
from the idele group ofK to Gal(M/K). LetH be the maximal unram-
ified abelian extension of K and σ ⊗ 1 = ρ(u) ∈ Gal(M/Labp (K))⊗ Fp.
Then, it follows from the Chebotarev density theorem that there ex-
ist infinitely many degree one primes L of K not lying over p such
that (L, H/K) = 1, (L,M/K) = σ−1 and (L, F/K) = τ , since σ ∈
Gal(M/Labp (K)), H ∩ M = Labp (K), and the fact that F is linearly
disjoint to M and H over K. The assumption (L, H/K) = 1 implies
that L is a principal prime ideal, say, L = Λ0OK , and we deduce
from the assumption (L,M/K) = σ−1 that ρ(Λ0mod U(K)
p) = σ⊗ 1.
Therefore it follows from (51) that (Λmod U(K)p) = u in R(K) and
(ΛOK , F/K) = (L, F/K) = τ for a prime element Λ = Λ0ε with some
ε ∈ O×K . ✷
Recall that Lp(k){ p√ε0}/k is a solution of embedding problem (44)
with ε0⊗1 ∈ (O×K⊗Fp)ω. Let R(K)ω = P ⊕Q⊕Z be a decomposition
given by Lemma 8. Since Lp(k){ p√ε0}/k is a Galois extension and P
is a free Fp[G]-module, we have (ε0 mod U(K)
p) ∈ EG ⊆ PG = NGP .
Hence
(52) (ε0 mod U(K)
p) = NGx
for some x ∈ P .
Let {σ1, σ2, . . . , σd} be a generator system of G, where d = d(G),
and {q1, q2, . . . , qt} (t = rankF[G]Q) be a system of free basis of the free
Fp[G]-module Q: Q =
⊕t
i=1 Fp[G]qi. Here we have
(53) t ≥ 2d
by Lemma 8 and the assumption r2(k) ≥ Bp(k).
By virtue of Lemma 9 and (53), there exists a degree one prime
element Λ1 ∈ OK which is prime to p such that
(54) (Λ1 mod U(K)
p) = −x+
d∑
i=1
(σi − 1)qi
in R(K)ω. We put λ1 = NK/k(µp)Λ1 = NGΛ1. Then λ1Ok(µp) is a
degree one prime ideal of k(µp). Let λ
ω
1 ∈ O×k(µp),p be an element such
that the projection of λ1 ⊗ 1 ∈ O×K,p ⊗ Fp to the ω-part is λω1 ⊗ 1 ∈
(O×K,p⊗Fp)ω. Then it follows from (52) and (54) that ε0λω1⊗1 ∈ (O×K,p⊗
Fp)
ω maps to 0 by the natural map (O×K,p ⊗ Fp)ω −→ R(K)ω because
(λω1 mod U(K)
p) = (λ1 mod U(K)
p) = NG(Λ1 mod U(K)
p) = −(ε0
mod U(K)p) in R(K)ω. Hence every prime of Lp(k) lying over p splits
completely and that dividing Nk(µp)/kλ1 totally ramifies in the degree p
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extension Lp(k){ p
√
ε0λ
ω
1}/Lp(k), respectively. By using Lemma 9 and
(53) again, we can choose a degree one prime element Λ2 ∈ OK which
is prime to p such that
(55) (Λ2 mod U(K)
p) = −x+
d∑
i=1
(σi − 1)qi+d
in R(K)ω and that the prime Λ2OK of K remains prime in K( p
√
ε0λ
ω
1 ).
Let λ2 = NK/k(µp)Λ2. Then, similarly to the above, we see that λ2 is
also a prime element of Ok(µp), and that every prime of Lp(k) lying over
p splits completely and that dividing Nk(µp)/kλ2 totally ramifies in the
degree p extension Lp(k){ p
√
ε0λω2 }/Lp(k), λω2 ∈ O×K,p being similar to
λω1 , respectively.
In what follows, we shall show that Lp(k){ p
√
ε0λω1 ,
p
√
ε0λω2 } is the
maximal elementary abelian p-extension of Lp(k) which is unramified
outside the primes dividing Nk(µp)/k(λ1λ2).
Assume that Lp(k){ p
√
β}/Lp(k) is unramified outside the primes di-
viding Nk(µp)/k(λ1λ2) for β ⊗ 1 ∈ (O×K,p ⊗ Fp)ω. Then we find that
(56) β⊗1 = η⊗1+
∑
σ∈G
aσσ(Λ
ω
1⊗1)+
∑
σ∈G
bσσ(Λ
ω
2⊗1) in (O×K,p⊗Fp)ω,
where Λωi ⊗1 with Λωi ∈ O×K,p is the projection of Λi⊗1 ∈ O×K,p⊗Fp to
(O×K,p ⊗ Fp)ω (i = 1, 2), for some η ⊗ 1 ∈ (O×K ⊗ Fp)ω and aσ, bσ ∈ Fp.
Since all the primes of K lying over p are unramified in K( p
√
β)/K, we
have
(η mod U ′(K)) +
∑
σ∈G
aσσ(Λ
ω
1 mod U
′(K))
+
∑
σ∈G
bσσ(Λ
ω
2 mod U
′(K)) = 0
in R′(K)ω, which implies
(η mod U(K)p)−
∑
σ∈G
(aσ + bσ)σx
+
∑
σ∈G
aσσ
d∑
i=1
(σi − 1)qi +
∑
σ∈G
bσσ
d∑
i=1
(σi − 1)qd+i ∈ Z
inR(K)ω by (54), (55), and the fact (Λi mod U(K)
p) = (Λωi mod U(K)
p)
in R(K)ω for i = 1, 2. Hence we obtain
(57) (η mod U(K)p)−
∑
σ∈G
(aσ + bσ)σx = 0,
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and
(58)
∑
σ∈G
aσσ(σi − 1) =
∑
σ∈G
bσσ(σi − 1) = 0 (1 ≤ i ≤ d),
because (η mod U(K)p)−∑σ∈G(aσ+bσ)σx ∈ P and qi’s form a system
of free basis of Q over Fp[G]. It follows from (58) that there exist
some a, b ∈ Fp such that aσ = a and bσ = b for all σ ∈ G, because∑
σ∈G aσσ(τ − 1) =
∑
σ∈G bσσ(τ − 1) = 0 holds for any τ ∈ G by (58)
and our choice of σi’s, which implies
∑
σ∈G aσσ,
∑
σ∈G bσσ ∈ Fp[G]G =
FpNG. Hence we derive from (52) and (57) that
(η mod U(K)p)− (a + b)(ε0 mod U(K)p) = 0,
which implies η ⊗ 1 = εa+b0 ⊗ 1 in (O×K ⊗ Fp)ω by the injectivity of
(O×K⊗Fp)ω −→ R(K)ω. Therefore, by using (56) and the fact NG(Λωi ⊗
1) = λωi ⊗ 1 (i = 1, 2), we conclude that
β ⊗ 1 = εa+b0 (λω1 )a(λω2 )b ⊗ 1 in (O×K,p ⊗ Fp)ω,
and that
Lp(k){ p
√
β} = Lp(k){ p
√
(ε0λ
ω
1 )
a(ε0λ
ω
2 )
b} ⊆ Lp(k){ p
√
ε0λ
ω
1 ,
p
√
ε0λ
ω
2}.
Thus we have shown that Lp(k){ p
√
ε0λω1 ,
p
√
ε0λω2} is the maximal ele-
mentary abelian p-extension of Lp(k) which is unramified outside the
primes dividing Nk(µp)/k(λ1λ2).
Since the prime Λ2OK of K remains prime in K( p
√
ε0λω1 ) and rami-
fies in K( p
√
ε0λω2 ) by our choice of Λ1 and Λ2, the decomposition sub-
group of Gal(Lp(k){ p
√
ε0λω1 ,
p
√
ε0λω2}/Lp(k)) at the prime below Λ2OK
is the whole of the Galois group. Hence it follows from Lemma 7 that
Lp(k){ p
√
ε0λω1 ,
p
√
ε0λω2} has no non-trivial unramified p-extensions:
(59) Lp(Lp(k){ p
√
ε0λ
ω
1 ,
p
√
ε0λ
ω
2 }) = Lp(k){ p
√
ε0λ
ω
1 ,
p
√
ε0λ
ω
2}.
Also, every prime of Lp(k) lying over p splits completely in the exten-
sion Lp(k){ p
√
ε0λω1 ,
p
√
ε0λω2}/Lp(k).
Now, k′ := k{ p√λω1 (λω2 )−1} is a required field as we shall see in the fol-
lowing: We first note that Lp(k){ p
√
ε0λω1}/k is also a solution of embed-
ding problem (44) by Theorem A, and that every prime of k′ lying over p
splits completely in Lp(k){ p
√
ε0λω1}, p
√
ε0λω2 }/k′. Since k′/k is linearly
disjoint from Lp(k){ p
√
ε0λω1}/k, the restriction map induces the iso-
morphism Gal(Lp(k){ p
√
ε0λ1,
p
√
ε0λ2}/k′) ≃ Gal(Lp(k){ p
√
ε0λω1}/k) ≃
G′. Also, because Lp(k){ p
√
ε0λω1 ,
p
√
ε0λω2}/Lp(k){ p
√
λω1 (λ
ω
2 )
−1} and
Lp(k){ p
√
λω1 (λ
ω
2 )
−1)/k′ are unramified p-extensions, we conclude that
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Lp(k){ p
√
ε0λ
ω
1 ,
p
√
ε0λ
ω
2}/k′ is an unramified p-extension. Hence it fol-
lows from (59) that Lp(k){ p
√
ε0λ
ω
1 ,
p
√
ε0λ
ω
2} = Lp(k′). Therefore we
find that G˜k′(p) fits commutative diagram (1) with suitable isomor-
phism θ, and that Lp(k
′)/k′ is p-decomposed.
Finally, we shall examine the condition on Bp(k
′) by using the fol-
lowing:
Lemma 10. (Iwasawa, [7, p.7, (4)]) Let F/E be a cyclic extension of
prime degree p, and let s be the number ramified primes in F/E. Then
we have
dimFp(Cl(F )⊗ Fp) ≤ p(dimFp(Cl(E)⊗ Fp) + s).
By applying the above lemma to cyclic extensions Lp(k
′)(µp)/Kk
′
and Kk′/K of degree p, we derive from our assumption (45) on Bp(k)
that r2(k
′) ≥ Bp(k′); Since the number of ramified primes at Kk′/K
is 2[K : k], which does not exceed 2(p− 1)#G, and Lp(k′)(µp)/Kk′ is
unramified, we have dimFp(Cl(Lp(k
′)(µp)) ⊗ Fp) ≤ p2(dimFp(Cl(K) ⊗
Fp) + 2(p− 1)) by Lemma 10.
Thus we obtain a required field k′. This proves Proposition II, hence
we have completed the proof of Theorems 1 and 2.
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